Abstract. Let X be a finite-dimensional complex vector space and let k be a positive integer.
Introduction
Let X be a finite-dimensional complex vector space and let L(X ) be the space of all linear transformations on X . Let k be a positive integer and denote by F k the set of all elements in 
It is easy to see that Ref k S is a linear subspace of L(X ). A linear subspace S is said to be k-reflexive if Ref k S = S. The k-reflexivity defect of a non-empty subset S is defined by rd k (S) = dim(Ref k S/S). Since X is finite dimensional rd k (S) = dim(Ref k S) − dim(S) holds.
The annihilator of a non-empty subset S ⊆ M n is defined by S ⊥ = {C ∈ M n : tr(CS) = 0 for all S ∈ S}, where tr(·) denotes the trace functional. It was shown in [3, 4] that
holds. The latter obviously implies that a k-reflexive space is also j-reflexive for all j ≥ k.
Let A, B ∈ L(X ) be invertible linear transformations and let S be a linear subspace of L(X ).
Let us denote ASB = {ASB : S ∈ S} and S ⊺ = {S ⊺ : S ∈ S}. It is well known that transformations of the type (2) S → ASB = {ASB : S ∈ S} and S → S ⊺ = {S ⊺ : S ∈ S} preserve the k-reflexivity defect. Hence, since X is a finite-dimensional complex vector space, one can assume that X = C n for some n ∈ N and L(X ) may be identified with M n , the algebra of all n-by-n complex matrices. Throughout this paper we will be dealing with subspaces of M n which have the decomposition of the form
where, for each pair of indices (i, j), S ij is a subspace of M m i ,n j , the space of all m i -by-n j complex matrices, and
It is not hard to see that for spaces of this type one has
In particular, S is k-reflexive if and only if S ij is k-reflexive for every pair of indices i ∈ {1, . . . , M }, j ∈ {1, . . . , N }. 
Elementary operators
If all A i are pairwise linearly independent and if the same holds for all the space ker ∆ is j-reflexive for every j ≥ k. It is reasonable to ask whether the same holds for im∆ and we show that this is not generally the case.
Lemma 2.1. Let ∆ be an elementary operator on M n with coefficients (A 1 , . . . , A k ) and
Next, we introduce some notation. For k ∈ N and α ∈ C, let J k (α) denote the Jordan block of size k, i.e.,
In the following example we show that for any n ≥ 3 there exists an inner derivation δ on M n such that imδ is not (n − 1)-reflexive. Consequently, the image of such elementary operator of length 2 is not 2-reflexive.
n-reflexive, hence rd n (imδ) = 0. It follows by Lemma 2.1 that (imδ) ⊥ is simply {J n (0)} ′ , the commutant of the Jordan block J n (0). One can easily verify that {J n (0)} ′ is the algebra of all n × n upper triangular Toeplitz matrices which we will denote by T n . Namely,
Generalized derivations
Let ∆ be an elementary operator of length 2 on M n , i.e., a linear transformation of the reflexivity of such elementary operator was studied and an explicit formula for the reflexivity defect of its kernel was given. This motivates the main subject of this paper, that is the kreflexivity defect of the image of some special examples of elementary operators of length 2.
Let A, B ∈ M n be arbitrary matrices. Define the generalized derivation on M n with coef- :
Proposition 3.1. With the above notation, the k-reflexivity defect of im∆ can be expressed as
R(i, j, k).

In particular, im∆ is a k-reflexive space if and only if all roots of the greatest common divisor
of m A and m B of A and B, respectively, are of multiplicity at most k.
Proof. Let 0 p,r denote the p × r zero matrix (p, r ∈ N) and let A and B be as before the Proposition 3.1. For 1 ≤ i ≤ N and 1 ≤ j ≤ M define the following elementary operators on
k-reflexive space for every k ∈ N. Now assume that λ i = µ j . It is not hard to see that
Let us denote d = min{p i , r j } and D = max{p i , r j }. Since transformations of the type (2) preserve k-reflexivity defect we can without any loss of generality assume that ker ∆ r j ,
. The structure of the space ker ∆ r j ,p i yields that ker ∆ r j ,p i ∩ F k is a linear space with the following property.
The result in general setting now follows by (3).
Let A, B ∈ M n be as before the Proposition 3.1. Let ∆ : M n → M n be an elementary operator defined by ∆(T ) = AT B − T . Let R(i, j, k) be a non-negative integer defined by
: otherwise.
Corollary 3.2.
With the above notation, the k-reflexivity defect of im∆ can be expressed as 
